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Abstract 

The subject of investigations are the almost hypercomplex manifolds with Her- 
mitian and anti-Hermitian (Norden) metrics. A linear connection D is intro- 
duced such that the structure of these manifolds is parallel with respect to D 
and its torsion is totally skew-symmetric. The class of the nearly Kahler man- 
ifolds with respect to the first almost complex structure is of special interest. 
It is proved that D has a D-parallel torsion and is weak if it is not flat. Some 
curvature properties of these manifolds are studied. 
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Introduction 

The linear connections whose torsion is a 3-form, i.e. connections with totally 
skew-symmetric torsion, are known as Kdhler with torsion (shortly, -ftTT-) con- 
nections or Bismut connections on an almost Hermitian manifold There 
exists, on any Hermitian manifold, a unique KT-connection whose torsion tensor 
is a 3-form [IJ, [I^. In all almost contact metric, almost Hermitian and G2- 
structures admitting a connection with totally skew-symmetric torsion tensor 
are described. Such a connection on almost complex manifolds with Norden 
metric is introduced and investigated in jsH, IH, |33] • A connection of this type 
on almost contact manifolds with B-metric (which is the corresponding metric 
of the Norden metric in the odd dimensional case) is introduced in 29]. 



Email addresses: iiraiaiievOuiii-plovdiv.bg (Mancho Manev), costas@iini-plovdiv.bg 
(Kostadin Gribachev) 

URL: http://fmi.imi-plovdiv.bg/manev/ (Mancho Manev) 



Preprint submitted to Elsevier 



nth March 2010 



A good quaternionic analog of Kiihler geometry is given by the hyper-Kdhler 
with torsion (shortly, HKT-) geometry. An HKT-manifold is a hyper-Hermitian 
manifold admitting a hyper-Hermitian connection with totally skew-symmetric 
torsion, i.e. for which the three KT-connections associated to the three Hermi- 
tian structures coincide. This connection is said to be an HKT-connection. This 
geometry is introduced in [2^ and later studied for instance in [l^, [^, 0, H, ■ A 
case of particular interest is when the torsion 3-form of such HKT-connection is 
closed. In this case the HKT-manifold is called strong otherwise it is called weak. 
The HKT-geometry is a natural generalization of the hyper-Kahler geometry, 
since when the torsion is zero the HKT-connection coincides with the Levi- 
Civita connection. The HKT-connections have applications in some branches 
of theoretical and mathematical physics. For instance, these connections ap- 
pear on supersymmetric sigma models with Wess-Zumino term ll|, |25|, |2J] and 
in supergravity theory [ij IS] . Some of the applications of KT- and HKT- 
geometries in physics are as follows: Strong KT- and HKT-geometries have 
applications i n. ty pe H string theory and in two-dimensional supersymmetric 
sigma models 38, [III 23- Weak KT- and HKT-geometries have applications in 
supersymmetric quantum mechanics [l^ 0] ■ Strong and weak HKT-geometries 
hav e applic ations in the moduli spaces of gravitational solitons and black holes 



151, 134,123- 

In this worl|3 we continue the investigations on an almost hypercomplex 
manifold (M, H) with a metric structure G, generated by a pseudo-Riemannian 
metric g of neutral signature 2^, 21 1. 

As it is known, if is a Hermitian metric on {M, H) , the derived metric 
structure G is the known hyper-Hermitian structure. It consists of the given 
Hermitian metric g with respect to the three almost complex structures of H 
and the three Kahler forms associated with g hy H (see, e.g. [ij). 

Here, the considered metric structure G has a different type of compatibility 
with H. The structure G is generated by a neutral metric g such that the first 
(resp., the other two) of the almost complex structures of H acts as an isometry 
(resp., act as anti-isometries) with respect to g in each tangent fibre. Suppose 
that the almost complex structures of H act as isometrics or anti-isometries 
with respect to the metric, then the existence of an anti-isometry generates 
exactly the existence of one more anti-isometry and an isometry. Thus, G 
contains the metric g and three (0,2)-tensors associated hy H - a. Kahler form 
and two metrics of the same type. The existence of such bilinear forms on 
an almost hypercomplex manifold is proved in J2^. The neutral metric g is 
Hermitian with respect to the first almost complex structure of H and g is an 
anti-Hermitian (i.e. Norden) metric regarding the other two almost complex 
structures of H. For this reason we call the derived manifold (A/, H, G) an 
almost hypercomplex manifold with Hermitian and anti-Hermitian metrics or 
shortly an almost (H , G) -manifold. 



iThis work was partially supported by projects RS09-FMI-003 and IS-M-4/2008 of the 
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The geometry of an arbitrary almost (H, G)-manifold is the geometry of 
the hypercomplex structure H = {Ji, J2, J3} and the neutral metric g or equi- 
valently - the geometry of the metric structure G = {5, 51, 92, ffs}, 9a{-r) '■= 
g{Ja-,-), a = 1,2,3. In this geometry, there arc important so-called natural 
connections for the (if, G)-structure (briefly, the (i?, G)-connections), i.e. H 
and g are parallel with respect to such a connection. 

If the three almost complex structures of H are parallel with respect to the 
Levi-Civita connection V of g, then we call such (H, G)-manifolds of Kahler 
type pseudo-hyper-Kdhler manifolds and we denote their class by X. Therefore, 
outside of the class X, the Levi-Civita connection V is no longer an (H, G)- 
connection. There exist countless natural connections on an almost {H, G)- 
manifold in the general case. 

In this paper wc construct a natural connection D with totally skew-symmet- 
ric torsion tensor on almost hypercomplex manifolds with Hermitian and Norden 
metrics. The presence of almost complex structures with Hermitian and Norden 
metrics gives us a reason to restrict our consideration to those classes where the 
corresponding natural connections with totally skew-symmetric torsion exist. 
Namely, these are the class Si of almost Hermitian manifolds and the class of 
W3 of quasi-Kahlcr manifolds with Norden metric. A central place in our invest- 
igations takes the Si's subclass Wi of nearly Kahler manifolds - an important 
part in the theory of geometric structures of non-integrable type. The study 
of these manifolds was initiated by A. Gray in 1970's as the concept of weak 
holonomy and they have been investigated since then by many authors. 

The present paper is organized as follows. In Section 1 we present some ne- 
cessary facts about the considered manifolds. Section 2 is devoted to the study 
of the properties of the considered manifolds of a special class. Namely, the 
manifolds which belong to Si with respect to Ji in the Gray-Hervella classifica- 
tion and to W3 with respect to J2 and J3 in the Ganchev-Borisov classification. 
After that, we characterize the more specialized subclass (denoted by W133) 
of the above class, where the manifolds are nearly Kahlerian with respect to 
Ji . In Section 3 wc introduce the notion of a pscudo-HKT-connection (shortly, 
pHKT-connection) on an almost {H, G)-manifold and determine the class of the 
considered manifold, where such a connection exists. It is this class considered 
in the first part of Section 2. Then, we construct the pHKT-connection D in a 
special case when the almost (if, G)-manifold belongs to W133. At the end of 
Section 3 we show that this connection has a i)-parallel torsion and prove that 
any non-D-flat (M, H, G) is a weak pHKT-manifold. 

The point in question in this work is the existence and the geometric charac- 
teristics of the considered manifolds with totally skew-symmetric torsion. The 
main result of this paper is that the known KT-connection on a nearly Kahler 
manifold plays the role of the pseudo-HKT-connection on the corresponding 
almost (ii, G)-manifold. 



3 



1. Almost hypercomplex manifolds with Hermitian and anti-Hermit- 
ian metrics 



1.1. The almost {H^G) -manifolds 

Let (M, H) be an almost hypercomplex manifold, i.e. M is a 4n-dimension- 
al difFerentiable manifold and H = {Ji, J2, J3) is a triple of almost complex 
structures with the properties: 



Ja ^ Jp O J-l = -Jf O Jp, Ja = -I (1-1) 

for all cyclic permutations (a,/3,7) of (1,2,3) and / denotes the identity (Q, 

The standard structure of _ff on a 4rt-dimensional vector space with a basis 
{X^k+iT Xik+2T Xik+A\k=os,...,n-i has the form [s^: 



JlXik+l = Xik+2: J2Xik+l — -^4fc+3j JzXik+1 — —Xik+i, 

JlXik+2 = —Xik+l, J2Xik+2 = Xik+i: JzXik+2 = Xik+3, 

JlXik+Z = —X4k+4, J2X4k+3 = —X^k+i, JaX^k+s = —Xik+2, 

JiXik+i = Xik+^,^ 'hXik+i = —Xik+2, JzXik+i = Xik+i. 



(1.2) 



Further, x, y, z, w will stand for arbitrary differentiable vector fields on M. 
Let (7 be a pseudo-Riemannian metric on (Af , H) with the properties 

(1.3) 

where 

f 1 = 1 ■ 

(1.4) 

In other words, for a = 1, the metric g is Hermitian with respect to Ji, and in 
the case a = 2 or a = 3, the metric g is an anti-Hermitian (i.e. Norden) metric 
with respect to Jq (a = 2 or a = 3, respectively) pj,]. Moreover, the associated 
bilinear forms gi, 32, 53 are determined by 

ga[x,y) = g{JaX,y) = -eag{x,Jay), a =1,2, 3. (1.5) 




Following ()1.3|) and p.Sp . the metric g and the associated bilinear forms 32 and 
33 are necessarily pseudo-Riemannian metrics of neutral signature (2n, 2n). The 
associated bilinear form gi is the associated (Kahler) 2-form. 

A structure {H G) = (i, J2, •/s, 3, ffi, 52, 53) is introduced and investigated 
in [2^, 21 1, (s^l, [i^l and [2g|. The cases when the original metric g is Hermi- 
tian or anti-Hermitian with respect to the almost complex structures of H are 
considered. In [2^ it is proved that the unique possibility for an anti-Hermitian 
metric to be considered on an almost hypercomplex manifold is the case when 
the given metric is Hermitian with respect to the first and moreover it is an anti- 
Hermitian metric with respect to other two structures of H . Therefore, we call 
{H, G) an almost hypercomplex structure with Hermitian and anti-Hermitian 
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metrics on M (or, in short, an almost [H, G)-structure on M). Then, we call a 
manifold with such a structure briefly an almost {H, G) -manifold. 

The structural tensors of an almost (i?, G)-manifold are the three (0,3)- 
tensors determined by 

Fa{x,y,z) = g{{\/^Ja)y,z) = (V^ga) {y,z) , a = 1,2, 3, (1.6) 

where V is the Levi-Civita connection generated by g. 

The tensors Fa have the following fundamental identities: 



-^a : y 7 ^) — ^OiFoi {'^ : Z : ^a^a (-^j Jay : Ja^) : 

Fq^ {x : Jay t — ^a^a (-^i V : ^) ; 

Fa{x,y,z) = Ffi{x,J^y,z) ~ eisF^{x,y, Jf^z) 
= -F^{x,Ji3y,z) + e^Fi3{x,y,J^z) 



(1.7) 
(1.8) 



for all cyclic permutations (a, (3, 7) of (1, 2, 3). 

In 2l| we study a special class % of the (iJ, G')-manifolds - the so-called 
there pseudo-hyper-Kdhler manifolds. The manifolds from the class 3C are the 
{H, G)-manifolds for which the complex structures Jq are parallel with respect 
to the Levi-Civita connection V, generated by g, for all a = 1, 2, 3. 

As g is an indefinite metric, there exist isotropic vectors on M, i.e. g{x, x) = 
for a nonzero vector x. In [20[ we define the invariant square norm 

llVJaf =ffV5((V.Ja)efe,(V,J„)ez), (1.9) 

where {e^}^"]^ is an arbitrary basis of the tangent space TpAI at an arbitrary 
point p S M. We say that an almost (H, G')-manifold is an isotropic pseudo- 
hyper-Kdhler manifold if ||VJq||^ — for all Ja of H. Clearly, if {M,H,G) 
is a pseudo-hyper-Kahler manifold, then it is an isotropic pseudo-hyper-Kahler 
manifold. The inverse statement does not hold. For instance, in 20] we have 
constructed an almost {H, G)-manifold on a Lie group, which is an isotropic 
pseudo-hyper-Kahler manifold but it is not a pseudo-hyper-Kahler manifold. 

1.2. Properties of the Kdhler-like tensors 

A tensor L of type (0,4) with the properties: 

L{x, y, z, w) = -L{y, x, z, w) = -L{x, y, w, z), 

(1.10) 

L{x, y, z, w) + L{y, z, x, w) -\- L{z, x, y,w) — 

is called a curvature-like tensor. The last equality of (jl.lOl) is known as the first 
Bianchi identity of a curvature-like tensor L. 

We say that a curvature-like tensor L is a Kdhler-like tensor on an almost 
{H, G)-manifold when L satisfies the properties: 

L{x, y, z, w) = eaL{x, y, J^z, Jaw) = £„£( J^a;, J^y, z, w), (l-H) 
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where is determined by (|1.4p . 

Let the curvature tensor R of the Levi-Civita connection V, generated by g, 
be defined, as usual, by R{x, y)z = V x^yZ — VyVxZ — V^^, ^jz. The correspond- 
ing (0, 4)-tensor, denoted by the same letter, is determined by R{x,y, z,w) = 
g {R{x,y)z,w). Obviously, i? is a Kahler-like tensor on an arbitrary pseudo- 
hyper-Kahler manifold. 

A Kahler-like tensor L on an arbitrary almost {H, G')-manifold has the same 
properties (jl.lOp and of i? on a pseudo-hyper-Kahler manifold. Thus, 

we obtain the following geometric characteristic of the Kahler-like tensors on 



an almost {H, G)-manifold, similarly to Theorem 2.3 in [2l[, where it is proved 
that the hyper-Kahler {H, G)-manifolds are flat, i.e. i? = in 3C. Using the 
same idea, we establish the truthfulness of the following 

Proposition 1.1 ([28.]). Every Kahler-like tensor on an almost {H, G)-manifold 
is zero. □ 



2. Properties of the {H, G)-manifolds of a certain class 

2.1. aass gi(Ji)nW3(J2)nW3(J3) 

For the sake of our further purposes, we restrict the class of (A/, H, G) to the 
class Si('/i)nW3(J2)nW3( Ja). In other words, (M, Ji,g) is an almost Hermitian 
manifold with neutral metric of the class Si = Wi © W3 © W4 according to the 
classification in [l^, and (M, J^, g), a = 2,3, are almost complex manifolds 
with Norden metric of the class W3 (the co-called quasi Kahler manifolds with 
Norden metric), according to the classification in [1^. There these classes are 
defined as follows: 

gi(Ji): Fi{x,x,z)^Fi{Jix,Jix,z), (2.1) 
W3(Ja): & F^{x,y,z)^0, a = 2,3. (2.2) 

x,y,z 

Theorem 2.1. Let M be an almost {H,G)- manifold which is a quasi-Kahler 
manifold with Norden metric regarding J2 and J3. Then it belongs to the class 
S 1 with respect to Ji . 

Proof. Suppose (M, Ja,g), a = 2,3, belongs to the class W3 of the quasi-Kahler 
manifolds with Norden metric. Then, according to (j2.2[) we have respectively 

F2{x,y,z) + F2{y,x,z) = -F2{z,x,y), (2.3) 

F:i{x,y,z) + Fz{y,x,z) = -Fz{z,x,y). (2.4) 

The relation J2 — ~Ji ° J3 implies 

F2{x,y,z) = F'i{x,y, Jiz) - Fi{x, J3y,z). (2.5) 

Next, using consecutively (|2.3I) . (|2.5p and (|2.4p . we obtain 

F2{z,x,y) = - F2{x,y, z) - F2{y,x, z) 

= - F3{x,y,Jiz) + Fi(x,J3y,z) - F3{y,x, Jiz) + Fi{y, J^x, z). 
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F2{z,x,y) = F3{Jiz,x,y) + Fi{x, J3y,z) + Fi{y, J3X,z). (2.6) 

Having in mind J3 = — J2 o Jj^, we express the term F^^Jiz, x, y) from the hne 
above as foUows 

Fz{Jiz,x,y) = -F2[Jiz,Jix,y) - Fi( Jiz, a;, J2?/). (2.7) 
Then, from ^^IM and (P?71) we have 

F2{z,x,y) + F2{Jiz,Jix,y) = Fi{x,Jy,y,z) 

(2.8) 

+ ^i(2/,>/32^, -2) - Fi(Jiz,x,J2y)- 

We replace the substitutions z Jiz and x — > Jix in (|2.8p and applying 
properties (|1.7p and (jl.ip . we obtain 

F2( Jiz, Jix, ?/) + F2(z, x, y) = - Fi( Jix, J2y, 2;) 

(2.9) 

+ ^1(2/, -^"32;, 2;) + Fi{z, Jix, J2y). 

The difference of and (gS]) is the following 

Fiix, hy.z) + Fi{Jix, J2y, z) - Fi{Jiz,x, J2y) - Fi{z, Jix, J2y) = 0. 

Next, we substitute J^y for y in the last equality and applying (jl.7p we obtain 

Fi{x,z,y) ~ Fi{Jix, Jiz,y) - Fi(Jiz, Jix, y) + Fi[z,x,y) ^ 0, (2.10) 

which is equivalent to (|2.ip . i.e. (Af, Ji, g) belongs to the class Si- □ 

Theorem 2.2. Let M be an almost {H,G) -manifold from the class 9i{Ji) H 
W3(J2) n W3(J3). // (M, Ji,g) belongs to the subclass Wo(Ji) : Fi = 0/ the 
Kdhler manifolds with neutral metric then (M, H, G) is a pseudo-hyper-Kdhler 
manifold. 

Proof. Suppose Fi = holds. By virtue of (11.81) we have 

F2{x,y,z) = F3{x,Jiy,z) = F3{x,y,Jiz) (2.11) 

and by substitutions y — > Jiy, z Jiz the following relations are valid 

F2{x, Jiy, Jiz) = ~F3{x, y, Jiz) = -^3(0:, Jiy, z). (2.12) 

Comparing (|2.1ip and (|2.12p . we obtain 

F2{x,Jiy,hz) = -F2{x,y,z). (2.13) 

Having in mind the property F2{x, J2y, J2Z) — F2{x,y,z) from (jl.7p . equality 
([2?T3| implies 

F2ix,J3y,J3z) = -F2{x,y,z). (2.14) 
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Now, from (I2.1ip we have 

F2{x,v,J2z) = F^{x,y,J^z). (2.15) 
According to the conditions © ^2(2;, y,z) — © ^3(2;, y,z) = Q for a manifold 

x,y,z x,y,z 

in W3(J2) n W3(J3) and since F2 and are symmetric by the second and the 
third arguments, then by virtue of (|2.15p the following equality is valid 

F2{J2Z,x,y) = F3{J3Z,x,y). (2.16) 

Using F3(x, J^y, J^z) — F3(x, y, z) from (ll.7p . we obtain 

F2(z,2;,y) =i^2(^, J32/). (2.17) 

Equalities (|2.14p and (|2.17p imply F2 = and therefore F3 = is also valid, i.e. 
(Af, iJ, G) e 3C. □ 

^.g. aass W133 

In this subsection we consider a more specialized manifold (Af, if, G) with 
non-integrable structures Jq (a = 1,2,3), namely a manifold which is nearly 
Kdhlerian with neutral metric regarding Ji and quasi Kdhlerian with Norden 
metric regarding J2 and J3. In other words, {M,H,G) belongs to the class 
Wi(Ji) n W3(J2) n W3( J3) (in short, W133) according to the corresponding 
classifications in [l^l and [13], where the basic class Wi(Ji) is defined by 

Wi(Ji): Fi{x,y,z)^-Fi{y,x,z) (2.18) 

or equivalently Fi(x,y,z) — ^ 6 Fi{x,y,z) — ^dgi{x,y, z). Furthermore, 

x,y,z 

the property Fi(Jix, Jiy, z) = —Fi{x,y,z) holds for a Wi(Ji)-manifold since 
Wi(Ji) C gi(Ji) and (irTj) . 

It is known ([l^) that the class Si = Wi © W3 © W4 of almost Hermitian 
manifolds (Af, Ji,g) exists in general form when the dimension of M is at least 
6. At dimension 4, Si is restricted to its subclass W4. Thus, the manifold 
(Af , H, G) belonging to the class 'W133 exists when dim M > 8. 

2.2.1. Properties of the structural (0,3)-tensors in W133 
According to (|1.7p for a = 1 and l|2.18p . we have 

Fi{x,y,z) = -Fi(y,x,z) = -Fi{x,z,y), (2.19) 

i.e. -Fi is a 3-form, and moreover 

Fi{x,y,z) = -Fi(Jix, Jiy, z) = -Fi{Jix,y, Jiz) = -Fi{x, Jiy, Jiz), (2.20) 
Fi{Jix,y,z) = Fi{x,Jiy,z) ^ Fi{x,y,Jiz). (2.21) 
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Lemma 2.3. The structural tensors Fa (a — l,2,3j of {M,H,G) £ W133 has 
the following properties: 

Fi{J2X,J2y,z) = -Fi{J3X,J3y,z), 

Fi{J2X,y,J2z) = -Fi{J3X,y,J3z), (2.22) 

Fi{x, J2J/, J2Z) = ~Fi{x, Jsy, J3Z), 

F2{x,y,z) = F2{x,Jiy,Jiz) = F2{x, J^y, J^z), (2.23) 

F3(a;, y, z) = F3(x, Jiy, Jiz) = ^^3(0:, J22/, J2^). (2.24) 

Proof. The first equality of (|2.22p follows from the first equality of (|2.20p ap- 
plying J2 to X and y. In a similar way, we obtain the other two properties in 

We apply J3 to x and y in (|2.6p . Then, using (|1.7p and (|2.19p . we obtain 
F2{z, J3X, J^y) — F2{z,x,y). The remaining part of (I2.23P follows from the 
latter equality by the substitutions x ^ J2X, y ^ J2y and (|1.7p . 

The proof of ()2.24p is analogous to the previous one. □ 

The last lemma imply immediately the following 

Lemma 2.4. The structural tensors Fa (ct — l,2,3j of {M,H,G) £ W133 has 
the following properties: 

Fi{J2X,J3y,z) = Fi{J3x,J2y,z), 

Fi{J2X,y,J3z)^Fi{J2X,y,J3z), (2.25) 

Fi{x, J22/, J3Z) = Fi(x, J2y, J3Z), 
F2{x,y,Jiz) = -F2{x,Jiy,z), F2{x,y, J3Z) = -F2{x, J3y, z), (2.26) 
F3{x,y,Jiz) = -F3{x,Jiy,z), F3{x,y, J2Z) = -F3{x, J2y, z). (2.27) 

□ 

The latter two lemmas imply the following 

Proposition 2.5. The structural tensors Fa (a = 1,2^3) of a 133 -manifold 
{M, H, G) have the following properties: 

2F2{x,y, z) ^ Fi{x,y, J3Z) - Fi{x, J3y, z), (2.28) 

2F3{x,y,z)^Fi{x,J2y,z)-Fi{x,y,J2z), (2.29) 

F2{x,y,z) = -F3{Jix,y,z), (2.30) 

Fi{x,y,Jiz)+F2{x,y,J2z)+F3{x,y,J3z) = 0. (2.31) 

Proof. From (jl.Sp we have 

F2{x,y,z) = F3{x,Jiy,z) + Fi{x,y, J3Z), 
F2{x,y,z) = -Fi{x,J3y,z) + F3{x,y,Jiz) 
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which we sum up, apply (|2.27p so the result is (|2.28p . Similarly, we obtain 
((2:29)1 . 

Next, we replace z with Jiz and J3Z in (|2.28|) and (j2.29p . respectively. Then, 
the addition of the resultant equalities yields (j2.3ip . because of (|2.2ip . □ 

Proposition 2.6. Let M he an almost (H, G)-maniJold from the class W133. // 
(M, Ja,g) (for some a = 1,2,3) belongs to the subclass Wo( Jq) : ^ of the 
corresponding manifolds of Kdhler type then {M, H, G) is a pseudo-hyper-Kdhler 
manifold. 

Proof. It follows from the interconnections between Fi, F2 and Ft, in Proposi- 
tion [Ml □ 



Having in mind Proposition 12.61 we can restrict our attention to the class 
of the the so-called strict Wi^^-manifolds {M,H,G), i.e. {M,Ja,g) does not 
belong to Wo( Jq) for any a = 1, 2, 3. 

2.2.2. Curvature properties in W133 

Let us recall the following curvature properties on a nearly Kahler manifold 
{M, Ji , g) known from |17| : 

R{x, y, Jiz, Jiw) — R{x, y, z, w) = Ai{x, y, z, w), (2.32) 

where Ai{x,y, z,w) = g({\7xJi) y, zJi) w) ^ g(T{x,y),T{z,w)) and 

R{Jix, Jiy, Jiz, Jiw) = R{x, y, z, w). (2.33) 

Theorem 2.7. The curvature tensor R on {M,H,G) S 'W133 has the following 
property with respect to the almost hypercomplex structure H : 



R{x, y, z,w) + ^ R{x, y, JaZ, J^w) 



a=l 
3 



(2.34) 



= ^{Aa{x,z,y,w) - Aaiy,z,x,w)}, 

a=l 

where Aa{x,y,z,w) = g{{VxJa) y, (V^J^) w) , a = 1,2,3. 

Proof. We apply the covariant derivative by V to (|2.31l) and obtain 

3 

'^{{yxFa) {y, z, Jaw) + Aa{y, z, X, w)} = 0. 

Q = l 

We alternate the last equality with respect to x and y. Further, we apply the 
following corollary of the Ricci identity on an {H, G)-manifold known from 28|: 

(Vj;Fq) {y, Z, JaW) - (VyFa) {X, Z, JaW) 

(2.35) 

= R{x, y, JaZ, Jaw) - eaR{x, y, z, w). 
The resuh is ([^31)1 . □ 
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Corollary 2.8. The curvature tensor R on {M,H,G) 6 W133 has the following 
properties with respect to the almost complex structures J2 and J3, respectively: 

2R{x, y, z, w)+2R{x, y, J2Z, J2W) 
3 

= ^{Aa{x,z,y,w) - Aa{y,z,x,w)] (2.36) 

~ Ai{x,y,z,w) - Ai{x,y,J2Z,J2w), 

2R{x, y, z, w)+2R{x, y, J3Z, J^w) 
3 

= ^{Aa{x,z,y,w) - Aa{y,z,x,w)} (2.37) 
- Ai{x,y,z,w) - Ai(x, y, J3Z, Jaw). 

Proof. From (|2.32l) we have 

R{x, y, Jiz, Jiw) = R{x, y, z, w) + Ai{x, y, z, w). 

After the substitutions z ~> J2Z and w — > J2W in the last equality we obtain 

R{x, y, J3Z, J3U)) = R{x, y, J2Z, J2W) + Ai{x, y, J2Z, J2W). 

We replace the left-hand sides of the last two equalities in (|2.3ip and get (I2.36P . 

In a similar way we obtain (|2.37p . Moreover, we establish the property 
Ai{x,y, J2Z, J2W) = —Ai{x,y, J^z, J^w) because of the first line of (|2.22p . □ 

As an immediate consequence of Corollary 12.81 we obtain for the scalar 
curvature and its associated quantities by the following relations: 

r - rr - II VJif, r + C = II VJ„f, a = 2, 3, (2.38) 

where r** = g'^g' '^ j?(e ^, efe, JaCs, JaC-j), a = 1, 2, 3. 
According to (|2.30p we get directly 

llVJ^f = ||VJ3ir. (2.39) 
Using ((2?28| and ((2?29)) we obtain 

IIVJ2II' = -\ llVJif - igVV^i^i(e.,efc,ep)Fi(e„ Jge., J3e,), 

llVJsf = -\ llVJif - igVV^i^i(e»,efc,ep)Fi(ej, J2e„ J2e,). 

Since the third property in (j2.22l) holds, then summing up the latter two equal- 
ities we obtain 

llVJif + ||VJ2f + ||VJ3f =0. 
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Because of (|2.39p the last equality implies 

llVJif = -2||VJ2f = -2||VJ3ir. (2.40) 
From (|2.38p and (|2.40p we obtain the following relation 

3t + Ti* = -4t2* = -4t3*. (2.41) 

3. Pseudo-HKT-connection on an {H, G)-manifold which is a nearly 
Kahler manifold with respect to Ji 

3.1. Constructing the pHKT-connection 

As it is known from 13^, a linear connection D is called a natural con- 
nection on an almost complex manifold {AI, J) with Norden metric g if the 
almost complex structure J and the metric g are parallel with respect to D, i.e. 
DJ = Dg^ 0. 

The notion of the hyper- Hermitian connection in the hyper-Hcrmitian geo- 
metry is known. This is a linear connection such that the three almost complex 
structures and the Hermitian metric are parallel regarding this connection. 

Following this idea we give 

Definition 3.1. A linear connection D is called a natural connection on an 
almost hypercomplex manifold (M, H) with a pseudo-Riemannian metric g if the 
almost hypercomplex structure H = {Ji, J2, J5) and the metric g are parallel 
with respect to D, i.e. DJi — DJ2 — DJ^ — Dg — 0. 

As a corollary for a natural connection D on (M, H, G) we have also Dgi = 
Dg2 = Dgs = 0, having in mind (jl.5l) . 

If T is the torsion tensor of I?, i.e. T{x,y) = Dj-y — Dj^x— [a;, y], then the cor- 
responding tensor field of type (0,3) is determined by T{x, y, z) = g{T{x, y),z). 

In a similar way to KT- and HKT-connections we introduce 

Definition 3.2. A natural connection D is called a pseudo-HKT-connection on 
an almost {H,G) -manifold (briefly, pHKT- connection) if the torsion tensor T 
of D is totally skew-symmetric. 

For an almost complex manifold with Hermitian metric (M, J, g), in [lol | it 
is proved that there exists a unique KT-connection if and only if the Nijenhuis 
tensor Nj{x, y, z) := g(Nj(x, y), z) is a 3-form, i.e. the manifold belongs to the 
class of cocalibrated structures Si = Wi © W3 © W4. KT-connections on nearly 
Kahler manifolds are investigated in [3^ for instance. 

Then, there exists a unique KT-connection for the almost Hermitian 
manifold (A/, Ji,g) G Si on the considered almost {H, G')-manifold such that 

9 {Dly, z) ^ g {Vxy, z) + Qi{x, y, z), (3.1) 

where 

Qi{x,y,z) = ]^{Fi{x,y,Jiz) + Fi{y,z,Jix) ~ Fi{z,x, Jiy)} . (3.2) 
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The difference Qi of and V is a totally skew-symmetric tensor because of 
the relation Ti = 2Qi with the corresponding torsion Ti of the KT-connection 
D^. Then, in the case when Si is restricted to Wi for Ji, because of (|2.18p . 
expression (j3.2l) assumes the form 

Qi{x,y,z) ^^Fi{x,y,Jiz). (3.3) 



In 3l| it is proved that there exists a unique KT-connection on an almost 
complex manifold with Norden metric (M, J, g) if and only if the manifold is 
quasi-Kiihlerian with Norden metric or {M, J,g) belongs to the class W3. 

Then, there exists a unique KT-connection (a = 2,3, respectively) for 
the almost complex manifold with Norden metric {M,Ja,g) S 'WsiJa) on the 
considered almost {H, G')-manifold such that 

9 P"y, z)^g (V^y, z) + Q„(a;, y, z), (3.4) 

where ^ 

Qa{x,y,z) ^ & Fa{x,y,JaZ). (3.5) 

4 x.y.z 

Let us construct a linear connection Z?, using the KT-connections _D^, 
and L>3, on an almost (iJ, G')-manifold from the class Si(t/i) nW3(J2) nW3(J3) 
as follows 

9 [D^y, z)= g (V^^y, z) + Q{x, y, z), (3.6) 

where ^ 

Q{x,y,z) = --Qi{x,y,z) + Q2{x,y,z) + Q3{x,y,z). (3.7) 

We apply ([23T|) . (fTTI . (|2J8)) and ((MTI) in dSH]) and obtain 

Q{x,y,z) = ii^i(x,?/, Jiz). 

Then, the linear connection D, introduced by (|3.6p and p.7|) . has the fol- 
lowing definitional equality 

g {D^y, z)^ g [V^y, z) + ^Fi (x, y, Jiz) (3.8) 

or equivalently 

D:,y = V:,y - ^ Ji (V:, Ji) y. (3.9) 

We verify directly that Z) is a natural connection on (A/, iZ, G) and therefore, 
because of the properties of Fi and the uniqueness of D^, Z?^ and Z?'^, we obtain 



Proposition 3.1. The linear connection D defined by (|3.9I) is a unique pHKT- 
connection on an almost {H,G) -manifold from the class W133. □ 

Let us remark that the pHKT-connection D on an almost (ZZ, G')-manifold 
coincides with the known KT-connection on nearly Kahler manifolds studied 
in [l3|, [3HI for the Riemannian case and [1] for the pseudo-Riemannian case. 
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3.2. Characteristics of the constructed pHKT- connection 

3.2.1. D-parallel torsion of D 

Since D coincides with , then the pHKT-connection D defined by (|3.9I) 
on an almost (i/, G)-manifold from W133 is ZJ-parallel, dT — 0, and henceforth 
T is coclosed, (5r = (0, 0). 

3.2.2. Curvature tensor of D 

Let us consider the curvature tensor K of the connection D, i.e. K{x^ y)z = 
[Dx,Dy]z — D[.j. y^z and K{x,y,z.,w) = g {K{x,y)z,w). The relation between 
the connections D and V generates the corresponding relation between their 
curvature tensors K and R. 

Proposition 3.2. Let {AI,H,G) be an almost {H ,G) -manifold from W133 and 
D be the pHKT- connection defined by p.9p . Then the curvature tensors K of 
D and RofV has the following relation 

K{x,y,z,w) ^ R{x,y,z,w) + ^Ai{x,y,z,w) + ^ © Ai{x,y,z,w). (3.10) 

4 4 x,y,z 

□ 



Let us remark that such a relation is given in [18| , [35[ and [10| . 

Proposition l3.2l irnplies directly that is symmetric and Ji-invariant, which 
is also known from [10[ and 35 1 for the Riemannian case. Moreover, for the 
scalar curvatures we have 

r^=r^-l||rf , (3.11) 

where ||rf = ||VJif . 

Further, we give some necessary and sufficient conditions for fiatness of D 
in the following 

Proposition 3.3. Let {M,H,G) be an almost {H,G) -manifold from W133 and 
D be the parallel pHKT- connection defined by p.Op . Then the following char- 
acteristics of this connection are equivalent: 

(i) D is strong; 

(a) D has a V -parallel torsion; 
(Hi) D is flat. 

Proof. Using DT = we obtain 

{V^T){y,z,w)^ \ 6 A^{x,y,z,w). (3.12) 

Then we compute the exterior derivative of the 3-form T as 

dT{x,y, z,w) = 2 © Ai{x,y,z,w). (3.13) 
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Therefore, the pHKT-connection is strong, i.e. dT = 0, if and only if the identity 

(5 Ai{x,y, z,w) = is valid, which is equivalent to VT = 0, according to 

x,y,z 

(|3.12p . Thus, (i) is equivalent to (ii). 

The curvature tensor K satisfies the properties of the first line of (|1.10p 
and the Kahler-like property (II. lip , since DJa — 0, a — 1,2,3. Then, K is a 
Kahler-like tensor if and only if the identity 6 K{x, y, z,w) — holds. 

x,y,z 

On the other hand, the first Bianchi identity for K with torsion T 
& K{x,y,z,w)= 6 {T{T{x,y),z,w) + {DxT){y,z,w)} 

x^y.z x,y,z 

takes the following form, since T is Z?-parallel: 

6 K{x,y,z,w)^ & Ai{x,y,z,w). (3-14) 

x.y.z x^y^z 

Therefore, according to p.l3p and (|3.14p . we have that is a strong pHKT- 
connection if and only if the curvature tensor K of is a Kahler-like tensor. 
Then, because of Proposition II. 1[ K is zero, i.e. the equivalence (i)<^(iii) is 
valid. This completes the proof. □ 

Proposition 3.4. Let {AI,H,G) be an almost {H,G) -manifold from W133 and 
D be the parallel pHKT- connection defined by (|3.9p . If D is flat or strong then 
{M,H,G) is \I-flat, isotropic-hyper-Kdhlerian and the torsion of D is isotropic. 

Proof. According to Proposition 13.31 if {M, H, G) is D-flat then we obtain the 
following form of the curvature tensor R of the Levi-Civita connection V, ap- 
plying ^M- 

R{x,y,z,w) = ~-Ai{x,y,z,w). (3.15) 

Substituting Jiz and Jiw for z and w in p.l5p . respectively, and using the 
properties Ai{x,y, Jiz, Jiw) = —Ai{x,y,z,w) and (|2.32l) for a nearly Kahler 
manifold {M,Ji,g), we obtain Ai = 0. Therefore, according to p.l5p . R = 
and then the connections V and D are both flat. Moreover, having in mind 
(|2.40p and p. lip . {M, H, G) is isotropic- hyper-Kahlerian and T is isotropic. □ 

Corollary 3.5. Let{M,H,G) be an almost {H,G) -manifold from W 133. If it is 
not D-flat then it does not admit a strong pHKT- connection, i.e. any non-D-flat 
(M, H, G) is a weak pHKT-manifold. □ 

It is known from Q that there are no strict flat nearly pseudo-Kahler man- 
ifolds of dimension less than 12. 
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